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Abstract: This paper investigates the lock range of injection-locked non-harmonic oscillators using a
frequency-domain approach. By representing a non-harmonic oscillator with a set of harmonic oscillators, the
intrinsic relation between the lock range of the harmonic oscillators and that of the non-harmonic is obtained.
We show that non-harmonic oscillators exhibit a larger lock range as compared with harmonic oscillators.
We further show that non-harmonic oscillators with a multi-tone injection exhibit a larger lock range as
compared with that with a single-tone injection. The theoretical findings are verified using a sub-threshold
relaxation oscillator designed in IBM 130 nm 1.2 V CMOS technology.
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1. Introduction
Non-harmonic oscillators such as relaxation oscillators and ring oscillators have been widely used in
passive wireless microsystems such as as RFID (radio-frequency identification) systems, passive wireless
sensors, and biomedical implants [1]. Arising from process spread, supply voltage fluctuation, and
temperature variation, the frequency of these oscillator exhibits a high degree of uncertainty. The uncertainty
of the frequency of the system clock of passive wireless microsystems is further escalated by the fact that
these systems are usually fabricated using low-cost CMOS technologies, which typically have a high degree
of process spread. Since the operation of the baseband units of a passive wireless microsystem and the uplink from the microsystem to its base station are controlled by its system clock, a stringent requirement on
the frequency of the system clock exists. For example, EPC radio-frequency identity protocols class-1
generation-2 UHF RFID protocols require that the accuracy of the frequency of the backscattered data be
upper-bounded by ±4% [2]. Remote calibration of the system clock of passive wireless microsystems from
their base station is critical. Injection-locking has been demonstrated to be a power-efficient means for
remote frequency calibration of passive wireless microsystems [3]. The success of injection-locking based
remote frequency calibration is largely affected by the lock range of these non-harmonic oscillators. Ultra
low-power non-harmonic oscillators with a large lock range are highly desirable in these applications. Using
a phaser-domain approach, Razavi showed that the lock range of a harmonic oscillator in weak injection is
given by [4]
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where I inj and I osc are the amplitude of the injection current and that of the LC tank current, respectively,

o and Q are the resonance frequency and quality factor of the LC tank, respectively. Revealed by (1) is that
the lock range is directly proportional to the strength of the injection signal and inversely proportional to the
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quality factor of the LC tank. Increasing the amplitude of injection signal Iinj, though increasing the lock
range, is at the cost of power consumption. Harmonic oscillators, such as LC-tank oscillators, typically
exhibit better phase noise performance as compared with non-harmonic oscillators because of its relative
high quality factor given by [5].
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The lock range of harmonic oscillators, however, is smaller mainly due to the narrow-band
characteristics of the LC tanks of these oscillators. In addition, the injection-induced impedance variation of
these oscillators, which is one of the key factors determining the lock range, is also smaller as compared with
that of non-harmonic oscillators [6]. A phasor domain model of the lock range of harmonic oscillators was
given in [7]. Maffezzoni [8] proposed a mathematical model to predict the synchronization region of strongly
nonlinear oscillators. An in-depth mathematical treatment of lock range of non-harmonic oscillators, and
their intrinsic relation with that of harmonic oscillators in the frequency domain, however, are not available.
This paper presents a general frequency-domain approach to analyze the lock range of non-harmonic
oscillators. Using the definition of the open-loop quality factor of harmonic oscillators introduced by Razavi
[5]
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where H o  Ae j is the loop gain of the oscillator, we show that non-harmonic oscillators exhibit a larger
lock range as compared with their harmonic counterparts. We further show that the lock time of nonharmonic oscillators with a multi-tone injection is smaller as compared with that of non-harmonic oscillators
with a single-tone injection. The theoretical findings are verified using a sub-threshold relaxation oscillator
designed in IBM 130 nm 1.2 V CMOS technology.

2. Lock Range
A distinct characteristic of non-harmonic oscillators is their square-wave-like output waveform. To
capture the essence of non-harmonic oscillators, we assume that the waveform of non-harmonic oscillators is
a purely square wave such that it can be represented by a Fourier series with fundamental frequency
o  2 / To where To is the frequency of the oscillator. If the waveform of the output of the oscillator is
shown in Fig.1(a), its spectrum will only contain the fundamental and odd harmonics. Since the spectrum of
the oscillator consists of a train of impulses at o ,3o ,5o ,..., the oscillator can be considered as the
assembly of a set of ideal harmonic oscillators that oscillate at o ,3o ,5o , ..., respectively. Each harmonic
oscillator can be represented by a feedback system that satisfies Barkhausen oscillation criteria. When the
noise and loss of the oscillator are considered, the square waveform of the output of the non-harmonic
oscillator is replaced with the skirt-like waveform, as shown in Fig.1(b).

Figure 1: Time-domain waveform and spectrum of nonharmonic oscillators

Figure 2: Representation of injection-locked nonharmonic oscillators with injection-locked harmonic
oscillators.

The output of the non-harmonic oscillator can be denoted as

I o  I o ,1 (  o )  I o,3 (  3o )  ... ,

(4)

where I o , n  H o , n /(1  H o , n ) I inj , n and  ( ) is discrete Dirac function depicting the multi-frequency nature
of the spectrum of I o (t ) . Note that  ( )  1 if   0 and 0 otherwise.When an injection signal Iinj(t) is
within the lock range of a non-harmonic oscillator, the frequency of the oscillator will be shifted to that of
the injection signal in the lock state. If Iinj (t) is a single-tone at ωinj , it can be represented by Iinj(t) =
Iinjδ(ω−ωinj). Since the output of the oscillator is a multi-tone, Iinj(t) will affect the input of the harmonic
oscillators representing the non-harmonic oscillator. The inputs of the harmonic oscillators are denoted by
Iinj,11, Iinj,31,..., Iinj,m1,..., where the sub-index m identifies mth harmonic oscillator and the sub-index ”1”
signifies the single-tone input at ωinj, as illustrated graphically in Fig.2. If Iinj is a multi-tone, such as a square
wave, it can be represented by
I inj (t )  I inj ,1 (  inj )  I inj ,3 (  3inj )  ...
(5)
Both the fundamental and harmonic components of Iinj(t) will affect the inputs of the harmonic
oscillators. The contribution of Iinj,1 to the input of the 1st, 3rd, 5th, ..., harmonic oscillators is represented by
Iinj,11, Iinj,31, Iinj,51, ..., respectively. Similar notation applies to other harmonics oscillators as well. Let us
assume that the injection signal Iinj(t) causes the fundamental frequency of a non-harmonic oscillator to shift
from ωo to ωo + Δωo with Δωo<<ωo in the lock state. The loop gain of nth harmonic oscillator can be
represented by
 H 
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Therefore
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where H o , n  Ane j n is the loop gain of nth harmonic oscillator and * denotes the complex conjugate
operator. Noting that 1  An (no )  0 at   no . Extend Razavi’s definition of the open-loop quality
factor of harmonic oscillators to nth harmonic oscillator
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Eq.(7) becomes
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Consider a single-tone injection signal at   inj . Let the inputs to 1st, 3rd, 5th,..., harmonic
oscillators be Iinj,11, Iinj,31, Iinj,51,..., respectively. The output of the oscillator is obtained from
Io 

H o ,1 (   )
H o ,3 (  3 )
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I inj ,31 (  3inj )  ... (10)
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Using the first-order Taylor approximation, Eq.(10) becomes
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Because  (  i ) (   j )  1 if i=j and 0 otherwise, it follows from (11)
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Utilizing (9) derived earlier and matching the components that have the same frequency in (12) yield
I o I o* 
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Since I o ,1 , I o ,3 ,... are the fundamental and harmonics of I o (t ) , we define the total output power of the
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oscillator (assume a 1Ω load)

I o2  I o2,1  I o2,3  I o2,5  ... .
The summation of the expressions in (13) yields

(14)

2
   2
 1
 o  2
2
o
 I inj ,31  ... 2 .
 I inj ,11  
( )  
 2Q1 
 I o
 2Q3 

(15)

  I
n1   o  inj ,n1 ,
 2Qn  I o

(16)

|  | (11)2  (31)2  (51)2  ... .

(17)

2

Define

Eq.(15) can be written as
Similarly, if the injection signal is a multi-tone, the output of the oscillator can be obtained by considering
the effect of the harmonic components of the injection signal, i.e., I inj ,1 , I inj ,3 ,... individually. Utilizing (11)
and (12), we have
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Matching the components that have the same frequency in (18) and summing each of components as (15)
yields
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Eq.(19) can be written as
We comment on the preceding results: (i) Since the denominator of (16) is the total output current of the
oscillator, Eq.(16) quantifies the contribution of Iinj,n1 to the overall lock range of the oscillator. (ii) Although
the injection signal is a single-tone, it affects all harmonic oscillators. This is evident in (17). (iii) If the
oscillator under injection is an ideal LC oscillator, |  || 11 | as n1  0 for n = 3, 5, ..., revealing that
non-harmonic oscillators have a larger lock range as compared with harmonic oscillators. (iv) From (17) and
(21), n1 for single-tone is evidently smaller than n for multi-tone injections. (v) A comparison of (16),
(17), (20), and (21) reveals that the lock range of non-harmonic oscillators with a multi-tone injection is
larger as compared with that with a single-tone injection. The larger lock range is due to the contribution of
the harmonics of the injection signal to each of the harmonic oscillators representing the non-harmonic
oscillator. (vi) Although Ho,n plays a critical role in analysis of non-harmonic oscillators, the final expression
of the lock range of non-harmonic oscillators do not involve Ho,n. Only Qn is needed.

3. Example

In this section we use the relaxation oscillator shown in Fig 3 to verify the theoretical findings presented
earlier. The oscillator is designed in IBM 130 nm 1.2V CMOS technology and oscillates at 13 MHz. All
devices are in sub-threshold to minimize power consumption. It is analyzed using Spectre from Cadence
Design Systems with BSIM4 device models. The oscillator with (i) a sinusoid injection signal:
iinj (t )  I inj sin( injt ) , (ii) a dual-sinusoid injection signal: iinj (t )  I inj sin( injt )  I inj / 3 sin( 3inj t ) , and
(iii) a square-wave injection signal (multi-tone) is analyzed. Fig.4 shows the spectrum of the oscillator in
both unlocked and locked states. When the oscillator is unlocked, its spectrum contains multiple frequency
components. When it is locked, only a single frequency component exists. The spectrum of the oscillator is
therefore used to determine whether the oscillator is in lock or not.

Figure 3: Schematic of relaxation oscillator with injectionlocking. Circuit parameters: W1,2,6,7,10,11 = 0.5μm,W3,4 = 1.2μm,
W8,9,12,13 = 1.25 μm, W5 = 2 μm, Vref = 310 mV, Ib=253 nA, Vb =
620 mV.

Figure 4: Simulated spectrum of the oscillator in lock state.
The spectrum of the oscillator in the lock state is left-shifted by
3 MHz for a better view. Iinj = 12.65 nA and Io = 126.5 nA, i.e.
injection ratio=0.1.

Fig.5 investigates the dependence of the lock range on the strength of the injection signal. It is seen that
increasing injection signal strength yields a larger lock range. Also observed is that single-tone injection
gives the smallest lock range while square-wave injection (multi-tone) yields the largest lock range.

Figure 5: Simulated dependence of lock range (LR) of
relaxation oscillator on injection strength and the number of
frequency components of the injection signal.

Figure 6: Asymmetry of lock range of relaxation oscillator.

When injection strength rises, the asymmetry of the lock range will become severe. This is evident in
Fig.6 where the positive lock range ( inj  o ) and negative lock range ( inj  o ) are compared. The
asymmetry of lock range is due to the nonlinear characteristics of non-harmonic oscillators [9]. In the
theoretical results given in the paper, only first-order approximation that gives a symmetrical lock range is
considered. When high-order terms are considered, the lock range asymmetry can be captured.

4. Conclusions

We have presented a general frequency-domain treatment of the lock range of non-harmonic oscillators.
By representing non-harmonic oscillators with a set of harmonic oscillators, the intrinsic relation between the
lock range of harmonic oscillators and that of non-harmonic has been obtained. We have shown that nonharmonic oscillators with a multi-tone injection exhibit a larger lock range as compared with that with a
single-tone injection. The findings have been validated using a sub-threshold relaxation oscillator designed
in IBM 130 nm 1.2 V CMOS technology.
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