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Abstract. Graph theory is useful tool for analyzing data in database to discover rule behind it, modeling
topological aspect on a system and etc. Due to the enormous increase in database sizes and system scale, as
well as graph size is becoming more and more vast. Modeling and analyzing graphs require a large memory
and additional computation time. In this paper, modified tensor product expansion is applied to graph model
for reducing graph size. Tensor product expansion is an algorithm to decompose a matrix into vectors. On the
other hand, proposed tensor product expansion decomposes a matrix into smaller matrices. As a result,
applying proposed algorithm to graph model makes it possible to analyze model’s property of every layer’s
graph which size is smaller than original graph size separately because common parts in the graph are
grouped into layers. The algorithm is with non-linear optimization in it. Therefore, computational time rely
on the non-linear optimization algorithm and number of matrices.
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1. Introduction
Graph is graphical and mathematical tool. Graph models show structure of a system to us by image and
it’s possible to be analyzed by mathematics. Graph theory has been used for wide variety fields. For example
data mining [1], system modelling [2], social network [3] and etc. With system, data in database or
something is becoming bigger [4], graph model is becoming more and more vast. Large-scale graph model
can’t show the background rules simply. Extracting important information from large-scale graph efficiently
must be possible for wide variety application. An answer of the problem is decomposing the model into
smaller models.
There is an algorithm to decompose a space created by tensor product of vectors into vectors called
tensor product expansion [5]. A tensor is a multidimensional array. More formally, an N -way or N th-order
tensor is an element of the tensor product of N vector spaces, each of which has its own coordinate system.
A first-order tensor is a vector, a second-order tensor is a matrix and tensors of order three or higher are
called higher-order tensors. Tensor product expansion’s computational procedure is to apply non-linear
optimization iteratively to derive the expansion coefficients and the expansion vectors. Generally, the
problems in non-linear optimization have been that the process may not converge or a solution other than the
optimal may be derived, depending on the given initial value, or the computational complexity and the
computation time become tremendous when the size of the data is enlarged.
Tensor product expansion can’t be applied to graph model as is. In order to handle the problem, the
authors devised a method of calculating the tensor product expansion to decompose a matrix into smaller
matrices. Using the algorithm is possible to analyzing smaller graphs instead of treating original large-scale
graph. However, problems about initial value and computational time also still exist for the new algorithm.
They must be gotten fixed.
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2. Preliminary
In this section important concepts are shown for modified tensor product expansion with confirming
notation. The concepts are pared to the essentials.

2.1. Definition of graph
In this part graph definition is shown. The following definition captures the situation where the direction
of the edges is taken into account. First, simple graph is defined as follows.
Definition 1. Directed graphs. A pair G = (V , E ) is an ordered pair of sets. Elements of V are called
vertices, and elements of E ⊆ V × V are called edges. We refer to V as the vertex set of G , with E being
the edge set. The cardinality of V is called the order of G , and E is called the size of G . A directed edge
is an edge such that one vertex incident with it is designated as the head vertex and the other incident vertex
is designated as the tail vertex. A directed edge (u , v) is said to be directed from its tail u to its head v . A
weight between u , v ∈ V is described by w(u , v) ∈ ℜ .
Representing a graph as a matrix is very efficient in some cases. The matrix’s definition is as follows.
Definition 2. Adjacency matrix. A graph G is a directed graph with vertices V = {v1 , L , v n } and edge
set E . The adjacency matrix of G is the n × n matrix A = A + − A − = [ aij ] defined by

⎧ w(vi , v j ), if (vi , v j ) ∈ E.
⎪
aij = ⎨− w(v j , vi ), if (v j , vi ) ∈ E. ,
⎪
0,
otherwise.
⎩

(1)

⎧w(v , v ), if (vi , v j ) ∈ E. − ⎧w(v j , vi ), if (v j , vi ) ∈ E.
, aij = ⎨
aij+ = ⎨ i j
otherwise.
otherwise.
⎩ 0,
⎩ 0,
The matrix A + = [ aij+ ] is called forward adjacency matrix and the matrix A − = [ aij− ] is called backward
adjacency matrix.

2.2. Tensor product
Only most basic definition of tensor product is given below. Because properties of tensor product are
very important with analyzing graph after applying proposed algorithm to graph, see more detail [6].
Definition 3. Tensor Product. The tensor product of A ∈ ℜ m×n and B ∈ ℜ p×q is defined as the matrix

⎡ a11 B L a1n B ⎤
A ⊗ B = ⎢⎢ M
O
M ⎥⎥ ∈ ℜ mp×nq .
⎢⎣a m1 B L a mn B ⎥⎦

(2)

3. Tensor Product Expansion for Graph Decomposition
In this section we propose a new algorithm to decompose a matrix which is represented by tensor
product with matrices into them. The algorithm based on iterative updates of matrices using non-linear
optimization.

3.1. Mathematical formulation
We first need to define cost functions that quantifies the quality of the approximation. Such a cost
function can be represented by Euclidean distance between the original matrix and a matrix that is
constructed by tensor product with some matrices,

⎞
⎛
J = ⎜ Aˆ − ⊗ Ai ⎟
i
⎠
⎝

2

(3)

This is lower bounded by zero, and clearly vanishes if and only if Aˆ = ⊗ i Ai . Optimization is done for two
times to decompose graph because we need to decompose forward and backward adjacency matrix
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respectively. If a optimization problem with A(= A + − A − ) is only solved, information of self-loop and
hierarchy disappear. We now consider two formulations of graph decomposition as optimization problems:
2

⎞
⎞
⎛
⎛
J = ⎜ Aˆ + − ⊗ Ai+ ⎟ , min
J − = ⎜ Aˆ − − ⊗ Ai− ⎟
min
+
−
i
i
Ai
Ai
⎠
⎠
⎝
⎝

2

+

(4)

3.2. Normalize result matrices
Note that problems results of eq.(4) have degree of freedom with multiplier factor. It’s not always true
that they are expected results. They depend on their initial values on iterative method. If target graph has
some properties, we have potential to can obtain the solution corresponding to expected results to add
conditions to the problems. If target graph doesn’t have special properties, we need to apply equitable
distribution of matrix norm defined as follows to results to obtain same solution irrespective of initial values,

⎛
⎜
⎜
wk = ⎜
⎜
⎜
⎝

Ak ← wk Ak ,

n[ − k ]

∏

Ai

i =1

Ak

⎞
⎟
⎟
⎟
⎟
⎟
⎠

F

n −1
F

(5)

In this paper norm of matrix A is represented as follows

A

F

=

∑ (A )

2

(6)

ij

i, j

3.3. Update rule

Although the function ( Aˆ − ⊗ i Ai ) 2 is convex in Ai only, they are not convex in both variables together.
Therefore it is unrealistic to expect an algorithm to solve problems in the sense of finding global minima.
However, there are many techniques from numerical optimization that can be applied to find local minima.
Any techniques can be applied, but in this paper we use relaxation method because the algorithm is easy to
implement and avoid to obtain local minimum.
Eq.(4) is formulated as follows in terms of elements,

⎞
⎛
J = ∑ ⎜⎜ Aˆ π+( l11 ,L,ln1 ),π ( l12 , L,ln 2 ) − ∏ Ai+,li1 ,li 2 ⎟⎟
min
Ai+
l11l12 Ll n 2 ⎝
i
⎠

2

+

(7)

Where, π (L) is a function which returns row or column number on a matrix using arguments. Much the
same is true on backward adjacency matrix. Solving the cost function for Ai+,li1 ,li 2 by setting partial
differential with Ai+,li1 ,li 2 equal to zero gives following update rule,

Ai+,li1 ,li 2 =

∑

l11 ,L,l n 2

[ −i ]

Aπ+( l11 ,L,ln1 ),π ( l21 ,L,ln 2 ) ∏ A +j ,l j1 ,l j 2
j

∑ ∏ (A
[ −i ]

l11 ,L,l n 2

j

2

+
j ,l j 1 ,l j 2

)

(8)

Where, [−i ] means that i th matrix is ignored. Other matrices’ elements are as constant value on eq.(8).
Here we propose a algorithm to decompose given graph’s adjacency matrix into adjacency matrices

{ A1 , L, An } , that is, A = A + − A − = (⊗ i Ai+ ) − (⊗ i Ai− ) . The algorithm is to apply non-linear optimization

iteratively to derive the expansion matrices decreasing cost function eq.(3). The detail of the algorithm is as
follows using eq.(4) (5) (6) (8),
Algorithm 1. Tensor Product Expansion For Graph Decomposition.
Input: Graph’s adjacency matrix A + and A − for decomposing, and margin error δ .
Output: Adjacency matrices { A1+ ,L , An+ } and { A1− , L , An− } .
Step 1. Initialize A1+ , L, An+ and A1− , L, An− randomly.
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Step 2. Obtain Ai+ using eq.(8) by other matrices are as constant.
Step 3. Apply Step 2 to A1+ , L, An+ .

Step 4. While Euclidean distance J + is greater than δ , repeat step 2 and 3.
Step 5. Apply equitable distribution of matrix norm defined as eq.(5).
Step 6. Apply Step 1-5 to backward adjacency matrix A1− , L, An− .
This algorithm can stop and achieve a solution any time if given matrix can be decomposed. However,
this algorithm can’t guarantee obtaining signs of solution corresponding to them. Note that solution might be
local minimum if other update rule is used. In that case we need use a technique to avoid local minimum at
Step 2 and 3. An example of application of Algorithm1 is shown Fig.1 and Fig.2.

4. Results
Results that apply proposed algorithm to variety of target matrix sizes are shown Fig. 3. It is plotted with
sec on the y-axis on logarithmic scale. It represents that computational time is becoming bigger
exponentially for target matrix scale.

G
Fig. 1: Original Graph

G2

G1

G3
Fig. 2: Decomposed Graphs

5. Conclusions
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In this paper, we have proposed a tensor product expansion to decompose a graph into graphs. This work
makes it possible to treat large-scale graph easily. However, proposed algorithm’s computational time is
becoming bigger exponentially for target graph scale. This means applying the algorithm to huge graph is
difficult. Improving the algorithm’s computational complexity must be done. Furthermore, there are no
methods to know whether target graph can be decomposed on ahead. Then, for the future, researching
relations between property of target matrix and the algorithm is needed in order to make the algorithm more
efficient.

Fig. 3: Computational Time
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