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Abstract. the present paper extends the concept of (convolutional) codes equivalence to the turbo codes
(TCs). The concept of equivalence of TCs is useful in the exhaustive search of pairs of component codes and
interleavers, unexplored yet, for the design of turbo-coding systems. This design procedure is innovative
because until now only independent components optimization were considered. In accordance with this new
concept of equivalence (named in the mirror), the codes for which the code words are identical by
transposition (inversion) are equivalent (from the point of view of Bit Error Rate - BER’s performance). The
conditions for two convolutional codes or two convolutional turbo-codes respectively to be mirror equivalent
are derived in this paper. The results obtained are of theoretical nature and are derived by mathematical
methods. They are confirmed by simulation in a companion paper.
Keywords - convolutional codes; equivalence; generator matrix; permutation; turbo codes;

1. Introduction
The wide range of applications of TCs leaves open the concern of their design, by optimization or by
investigation of new families of turbo-coding systems. If we take into account, for example, the TCs family
that associates the class of memory 3 recursive systematic double binary convolutional codes (RSDBC), as
component codes, with the class of Quadratic Polynomial Permutations (QPP) interleavers of length N=752
[1], it counts over a million components1. An exhaustive search of the best pairs over such a large set implies
great difficulties. This complexity amplifies exponentially with the increase of the memory or if new families
of TCs [2] are included in the search. The idea of eliminating some competitors, knowing that they are
equivalent as performance with other elements already investigated becomes attractive for the reduction of the
complexity of the search. The present paper proposes a new equivalence criterion for TCs named in the mirror.
This concept of equivalence may be extended easily to all the codes families. The structure of the paper is the
following. The second section contains a short presentation of the recursive systematic multi binary
convolutional codes and their equivalence in the mirror is defined. This concept is extended to the case of TCs
in the third section and the necessary conditions for TCs to be equivalent in the mirror are derived. The fourth
section presents some conclusions.

2. Convolutional Codes
2.1.

Convolutional codes – general description

For the beginning we recall some definitions useful for our goal.
Definition 1 ([3], page 721): A convolutional encoder over a finite field F is a k-input n-output constant
linear causal finite-state sequential circuit.
Using the polynomial representation (i.e. the D transform of the semi-infinite sequence xi={xi,0 xi,1 …
∞
xi,j …} which is xi (D ) = ∑ j = 0 xi , j ⋅ D j ) and denoting by x=[xk … x2 x1] and y=[yn … y2 y1], the input and output
sequences of the convolutional encoder, the encoding relation can be written as:
1

This is an estimation of the total number of TCs of this type, without taking into account their performance;
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y (D ) = x (D ) ⋅ G (D ) ,

(1)

where G(D) is the generating matrix of the convolutional encoder of dimensions k×n.
Definition 2 ([3] pag. 725): The code generated by a convolutional encoder G is the set of all codewords
y=x⋅G, where the k inputs x are arbitrary.
Definition 3 ([3] pag. 725): Two encoders are equivalent if they generate the same code.
Further on, we will denote with CG the code generated by G. We will notice that the equivalence of two
codes CG1 and CG2, according to the third definition, doesn’t supposes the identity of the sets
{(x,y)|y=x⋅G1,∀x∈F[D]} 2 and
{(x,y)|y=x⋅G2,∀x∈F[D]} 3 . It is sufficient the identity of the sets
{y|y=x⋅G1,∀x∈F[D]} and {y|y=x⋅G2,∀x∈F[D]}. In other words, according to definition 3, two encoders are
equivalent only if they generate the same code words, even if a certain word y may be generated by two
different input sequences, y = x1 ⋅ G1 = x2 ⋅ G2 , with x1≠x2.
Also note that a canonical realization for an (convolutional) encoder, [3], is „one with a number of
memory elements equal to the dimension of the abstract state space” dimension (the encoder memory, m)
which4 is equal to the maximum degree of polynomials that form5 the G matrix.

2.2.

Convolutional codes used in turbo-codes

Convolutional codes used in turbo-codes [4] present some more particularities than those ones previously
defined:
- Encoding and decoding operate over some sequences of finite dimension, N.
- Almost exclusively recursive and systematic convolutional codes are used. The attribute „systematic”
supposes that the generator matrix has the form G (D ) = [I k G ' (D )] , in which Ik is the unitary matrix of rank k
and G’(D) is a matrix of dimension k×(n-k). The recursion is given by the fact that the matrix G’(D) is a
rational one, i.e. its elements are polynomials ratios of a dimension smaller or even to the encoder memory.
Further on we will narrow the discussion to the case n=k+1. This condition is, on one hand, ordinary in TCs,
and, on the other hand, it doesn’t restrict the generality, the results presented further being easily generalized
to the case n>k+1. If n=k+1, the coding rate of a convolutional component code is k/(k+1) and the coding rate
of the corresponding TC is k/(k+2), supposing that the TC is composed of two convolutional component
codes6.
- We will suppose that both trellises of the TC (corresponding to the two convolutional component encoders)
are closed and the dimension of the input data block is k⋅N. More specifically, we suppose that the trellises
closing is done through interleaved dual termination (IDS), [5]. In this case the TC’s rate is diminished to the
value: (k ⋅ N − 2 ⋅ m ) ((k + 2) ⋅ N ) , as m bits are necessary to determine a state into the states space7.
Without restraining the generality, we will suppose that the implementation of the equation (1) is
m
accomplished by the circuit from Fig. 1. Denoting with g i (D ) = ∑ j = 0 g i , j ⋅ D j , 0 ≤ i ≤ k, the generator matrix
of this encoder is:
⎡ g k (D ) g 0 (D )⎤
⎢
⎥
...
⎥.
G (D ) = ⎢ I k
⎢ g 2 (D ) g 0 (D )⎥
⎥
⎢
⎢⎣ g1 (D ) g 0 (D )⎥⎦

(2)

So, if x(D ) = [xk (D ) ... x2 (D ) x1 (D )] is an input sequence, i.e. xi (D ) = ∑ j = 0 xi, j ⋅ D j , 1 ≤ i ≤ k, then the
N −1

2

F[D] is defined in [3] as being the ring of polynomials with coefficients in F;
Actually, the identity of sets would suppose the equality of codes;
At least for the involved encoders in the present study;
5
For more details see [3], Apendix II;
6
All the results presented may be easily generalized to the case of TCs with more than two component codes, but these ones, at least till present, have
a less practical importance;
7
The m bits are (theoretically) enough to close the trellis, i.e. to take it from whatever state to a zero one;
3
4

26

xk
xk-1

xk
xk-1
x1

x1
gk,m

gk-1,m-1 g1,m-1
gk-1,1 g1,1
gk-1,0 g1,0
gk-1,m g1,m
gk,m-1
gk,1
gk,0
Sm-1
S0
c=u0
g0,m
g0,m-1
g0,1
g0,0=1

Fig 1 The general structure of a recursive and systematical multi-input convolutional encoder, with k/(k+1) rate; the
observer canonical form.

code word generated by the encoder is:
y (D ) = [xk (D ) ... x2 (D ) x1 (D ) x0 (D )] ,

(3)

where:
N −1
g i (D )
⋅ xi (D ) = ∑ x0, j ⋅ D j .
i =1 g 0 (D )
j =0
k

x0 (D ) = c(D ) = ∑

(4)

Implicitly, the equation (4) restricts the class of sequences x(D). To generate a code word for the code CG
k
(given by the matrix G), the polynomial ∑ i =1 g i (D ) ⋅ xi (D ) must be divisible with g0(D). Hence, the sequences
x(D) cannot be chosen randomly. For this reason we propose the following definition.
Definition 4. The recursive and systematic convolutional block code of memory m, CG,N, generated by the
matrix G, having k inputs and k+1 outputs, of length N, is given by the vector y (D ) = [xk (D ) ... x1 (D ) x0 (D )]
N −1
where the sequences xi (D ) = ∑ j = 0 xi , j ⋅ D j , 0 ≤ i ≤ k, satisfy the equation:
k

x0 (D ) ⋅ g 0 (D ) = ∑ xi (D ) ⋅ g i (D ) .

(5)

i =1

The polynomials g i (D ) = ∑ j = 0 g i , j ⋅ D j , 0 ≤ i ≤ k, in the last equation define the generator matrix G.
Certainly, we will take into account the binary field, so xi , j , g i , j ∈ F = {0,1} . For the sake of simplicity, we will
use in the following the denotation:
m

G = [g k

... g1

g0 ] ,

(6)

where gi is the decimal transposition of the binary sequence (gi,m gi,m-1 ...gi,1 gi,0), and gi,m is the most
significant bit.

2.3.

Mirror equivalent convolutional codes

Using the same arguments, we will define the mirror equivalence.
Definition 5 Two encoders, G and Gd are mirror equivalent, if the generated code words are mirrorimaged:
∀ y∈CG,N, then yd∈CGd,N, where yd(D) = y(D-1)⋅DN-1, and
∀ yd∈CGd,N, then y∈CG,N, where y(D) = yd(D-1)⋅DN-1.
The next theorem shows the conditions in which two encoders can be mirror equivalent. It is formulated
for k=2 for easier expression and demonstration, but the generalization is obvious.
Theorem 1. If the polynomials g0, g1, g2, g3 satisfy the conditions:

( )

( )

g 2 (D ) = D m ⋅ g 0 D −1 and g 3 (D ) = D m ⋅ g1 D −1

(7)

then the codes generated by the matrices G=[g2 g1 g0] and Gd=[g0 g3 g2] are equivalent in mirror.
Proof. A word generated by the matrix G has the form y(D)=[x2(D) x1(D) x0(D)], where
N −1
xi (D ) = ∑ j = 0 xi , j ⋅ D j , i = 0, 1, 2, with the restriction:
x0 ( D ) =

g 2 (D )
g (D )
⋅ x 2 (D ) + 1
⋅ x1 (D ) ,
g 0 (D )
g 0 (D )
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(8)

or:
x0 (D ) ⋅ g 0 (D ) = x2 (D ) ⋅ g 2 (D ) + x1 (D ) ⋅ g1 (D ) .

Defining:

(9)

( )
⋅ x (D ) ,

x2 d (D ) = D N −1 ⋅ x2 D −1 and,
x1d (D ) = D N −1

−1

1

(10)

it results from (7):

( ) ( ).
(D )⋅ g (D )

x2 (D ) ⋅ g 2 (D ) = D N + m −1 ⋅ x2 d D −1 ⋅ g 0 D −1
x1 (D ) ⋅ g1 (D ) = D

N + m −1

⋅ x1d

−1

−1

3

(11)

Using (9) and (11) it results:

[ ( ) ( )
(D )⋅ g (D ) ,

( ) ( )]

x0 (D ) ⋅ g 0 (D ) = D N + m −1 ⋅ x2 d D −1 ⋅ g 0 D −1 + x1d D −1 ⋅ g 3 D −1 =
D N + m −1 ⋅ x0 d

−1

2

−1

(12)

from where, taking into account (7), it results:

( )

x0 d (D ) = D N −1 ⋅ x0 D −1 ,

(13)

in which x0d(D) is defined like the redundant output for the encoder generated by the matrix Gd:
x0 d ( D ) =

g (D )
g 0 (D )
⋅ x 2 d (D ) + 3
⋅ x1d (D ) .
g 2 (D )
g 2 (D )

(14)

The result obtained in equation (13) states that if x=[x2 x1] is an input sequence for the encoder defined by
G, and y=[x2 x1 x0] is the corresponding sequence at its output, then the sequence xd=[x2d x1d] (the mirror image
of the sequence x through the encoding performed by the matrix Gd) will generate the sequence yd=[x2d x1d x0d],
i.e. the mirror image of y. (q.e.d.)
Using the notation M(u) for the mirror image of the sequence u, Theorem 1 states that G=[M(g0) g1 g0]
and Gd=[g0 M(g1) M(g0)] generates mirror equivalent codes. A generalization of theorem 1 is the following.
Theorem 1 (generalization): Codes CG,N and CGd,N generated through encoders having the matrices G=[gk ...
gi+1 M(g0) gi-1 ... g0] and Gd=[M(gk) ... M(gi+1) g0 M(gi-1) ... M(g0)] = M(G) are mirror equivalent, with 1≤i≤k.
So, the mirror equivalence works on the class of systematic encoders as well. If we apply the definition 3
on this class then the general equivalence will automatically lead to equality. In contrast, mirror equivalence
can involve systematic encoders that are not equal.
In the next section, we will investigate the possibility that two turbo-codes to be equivalent. Due to the
obtrusion that the input sequence must be segmented in blocks of N bits, we will search only the mirror
equivalence.

3. Mirror Equivalent Turbo-Codes
3.1.

Turbo-codes, general features

In fig. 2 is presented the general scheme of a TC. C1 and C0 are the component encoders which code the k
input sequences, marked x2÷(k+1) and generate a turbo-coded word in the form
yTC (D ) = [xk +1 (D ) ... x2 (D ) x1 (D ) x0 (D )] . After multiplexing and modulation (operations that are not
figured in Fig. 2) this word crosses the channel. The channel output consists of the soft sequences:
v0÷(k+1)=x0÷(k+1)+w0÷(k+1), resulted by summing the noise (which will be considered as AWGN in the following)
with the emitted sequence. La0 and La1 represent the a priori information obtained by interleaving and reinterleaving the extrinsic information Le1 and Le0 respectively, generated by the decoders DEC1 and DEC0; L1
is the soft output of the TC, which can be the logarithmic likelihood ratio (LLR) in case k=1 [6], or a priori
probability (APP) for the case k ≥ 2 and symbol wise decoding [7].
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Regarding the equivalence, the essential difficulty raised by the TC is the interleaving which must be
performed before the decoding made by the second encoder.
x2÷(k+1)

v2÷(k+1)

x2÷(k+1)
C1

v1

Channel

x1

ilv
x0

C0

DEC1
La1

ilv
DEC0

v0

xˆ 2÷(k +1)

L1
Le1
dilv
Le0

ilv

La0

Fig. 2. The general scheme of the TC. The turbo encoder composed by C1, C0 and ilv (left part). AWGN
communication channel (middle part). The turbo decoder composed by DEC1, DEC0, ilv and dilv (right part).

This interleaving has an implicit effect on the last output of the turbo-encoder, marked x0 in Fig 2. If the
TC performs inner-symbol interleaving then, in the case k>1, this operation affects all sequences that
contribute to the calculation of the second encoder output.
For a mathematical formulation of the TCs’ equivalence problem, we propose first the following
definition.
Definition 6. The turbo-code, denoted by TCG,N,π, built by the component encoders that implement the
generating matrix G=[gk … g1 g0] and by the interleaver which corresponds to the permutation π:K×T→K×T,
where K={1,2, ..., k} and T={0,1,2, ..., N-1}, is constituted from the group of words of the form yTC=[xk+1 …
x2 x1 x0], satisfying the following equations:
k +1 g
⎧
i −1 (D )
⋅ xi ( D )
⎪ x1 (D ) = ∑
N −1
g
⎪
i =2
0 (D )
x
D
=
,
(
)
⎨
∑ xi, j ⋅ D j ,
i
k +1 g
D
(
)
−
i
1
j =0
⎪ x 0 (D ) = ∑
⋅ xπi (D )
⎪⎩
g
D
(
)
i =2
0

where xi,j∈{0,1}, 0≤i≤k+1, and

[

]

xπ (D ) = xπ, i (D ) k +1≥ i ≥ 2 = π{x}(D ) = π{[xi ]k +1≥ i ≥ 2 }(D ) ,

(15)

(16)

is the input sequence interleaved by the function π.
In definition 6, we considered both symbol interleaving (which operates on symbols with index from 0 to
N-1) and inner-symbol interleaving (which operates on the k bits of a symbol).
Obviously, for k=1, only the symbol interleaving exists. Between the TCs with k>1, the ones used in
practice until nowadays are the duo-binary TCs only. In their case, the inner/symbol interleaving resumes to
reversing the positions of the two bits for the symbols with an even index. We did not restricted the operation
of the inner-symbol interleaving only in the frame of the symbol in equation (16) but in practice this
restriction is imposed for keeping a minimal level for the complexity of the turbo decoding.
In the following paragraph, we will present the conditions in which two TCs can be equivalent using the
definition 6 which associate a TC with the multitude of turbo-coded words.

3.2.

Mirror equivalent TCs

We can formulate now the conditions for the mirror equivalence of two TCs.
Theorem 2. Two TCs, TCG,N,π and TCGd,N,πd, are mirror equivalent if the component codes, CG,N and CGd,N,
are mirror equivalent and the corresponding interleaver functions satisfy the relation:
πd(M(u))=M(π(u)),

(17)

where u is any input sequence for the encoder defined by the matrix G.
Proof. Mirror equivalence supposes that if y=[xk+1 ... x2 x1 x0] is a code word for TCG,N,π, then the mirror
image, M(y)=[M(xk+1) ... M(x2) M(x1) M(x0)] is a code word for TCGd,N,πd. As can be seen in the left part of Fig.
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2, the output of the block ilv, which implements the interleaving, is connected at the input of the secondary
convolutional encoder C0 only. Hence, the interleaving does not affect the generation of the first k+1
components of the turbo-coded word. In consequence the mirror equivalence of the TCs is ensured by the
mirror equivalence of the primary component encoders C1 and C1d, for these components. It remains to
establish the mirror equivalence for the last component, that is the output sequence (redundancy) generated by
the secondary encoders, C0 (Fig. 2) and C0d. In the case of the TC TCG,N,π, this sequence has the expression :
g i −1 (D )
⋅ xπ , i ( D )
i = 2 g 0 (D )

k +1

x0 (D ) = ∑

⎡ g (D )
=⎢ k
...
⎣ g 0 (D )

g1 (D ) ⎤
*
⎥ ⋅ xπ, (k +1) (D ) ... xπ, 2 (D )
g 0 (D ) ⎦

[

= Gi / 0 (D ) ⋅ π{xk +1≥i ≥ 2 }* (D ) ,

]

(18)

in which * symbolizes the transposition operation and Gi / 0 = [g k ... g1 ] g 0 . We denoted by [xπ,k+1 ... xπ,3
xπ,2], the interleaved sequences set, which is obtained from the set [xk+1 ... x3 x2] through the interleaver
function π (including inner-symbol). Denoting by u = xk +1≥i ≥ 2 , the mirror image of x0 becomes:

( )

( )

(19)
M(x0(D)) = x0(D-1)⋅DN-1 = Gi / 0 D −1 ⋅ π{u}* D −1 ⋅ D N −1 = M(Gi/0(D))⋅M(π{u}(D))*.
If u is an input sequence for the code CG,N, then ud=M(u) is an input sequence for the code CGd,N (thanks to
mirror equivalence). Similarly to equation (18), the redundant sequence generated by C0d is:
xd 0 (D ) = Gd ,i / 0 (D ) ⋅ π d {u d }* (D ) .

(20)

Due to the mirror equivalence of the codes CG,T and CGd,T, we have that M(Gi/0(D))=Gd,i/0(D). Finally, the
identity of expressions (19) and (20) is ensured by the equality: M(π{u}(D))= πd{ud}(D). (q.e.d.)

4. Conclusions
We have defined the concept of mirror equivalence. Two codes are equivalent if their code words are
pairs of mirror images. We have established the conditions for two recursive and systematic convolutional
codes and for two TCs (which incorporate recursive and systematic convolutional codes) respectively to be
equivalent in mirror. The condition that a convolutional code associated to the matrix G=[gk ... g1 g0] to have
an equivalent in mirror is that the mirror image of the generator polynomial g0 to be found between the
polynomials g1 ... gk (in conformity with the generalization of Theorem 1). If this condition is satisfied, then
the mirror equivalent code is generated by the matrix Gd, whose generator polynomials are the mirror images
of the polynomials g0 g1 ... gk. The conditions which must be satisfied by two TCs to be mirror equivalents are:
i) the component convolutional codes to be equivalent in mirror and
ii) the two interleavers used to satisfy condition (17), i.e. the mirrored sequence permuted by an
interleaver to be identical with the sequence permuted by the other interleaver and next mirrored.
The mirror equivalence concept can be applied for any type of correcting codes. The identification of
pairs of equivalent TCs is useful for the design of TCs based on exhaustive search of pairs of good
components because the number of the TCs which must to be investigated diminishes.
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