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Abstract. Constitutive equations are being considered for metallic crystals under very high strain rates 
loadings. An analytical solution of the steady state propagation of plastic shocks is proposed. Constitutive 
relations are provided for the kinematics and kinetics of metals with micron-scale grains. The effect of strain, 
strain rate are being considered. But the effect of temperature is neglected. 
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1. Introduction 
The responses of metals subjected to high stress states and very high rates of deformation (104 s-1) are an 

area of active research. There are many engineering applications of metals related to high strain rate 
deformation such as high speed machinery, high speed transportation vehicles and spacecraft, high-speed 
impact phenomena, metal cutting and earthquake phenomena. In order to optimize the performance of metals 
undergoing plastic deformation at such dynamic loading conditions, it is necessary to understand its physical 
mechanism, which is different with the counterpart at low strain rates.  

Moreover, when the strain rate exceeds 104 s-1, many investigators found experimentally that the flow 
stress increases dramatically in many metals and alloys [1-5]. 

Viscous drag effects on dislocation movement are thought by some researchers [6] as the main origin of 
the increase of flow stress at such high strain rate regime at such high strain rate regime. However, 
Armstrong and co-workers [7, 8] proposed that such flow stress increase is caused by the dislocation 
generation at the shock front, not by a retarding effect of dislocation drag. 

A shock, also called a shock wave, is a propagating surface at which the displacement is continuous but 
the mass density, particle velocity, stress, and other field variables are discontinuous. The work presented 
here is intended to address the viscoplastic deformation of metals in shock waves. However, the models may 
also be applied to ‘‘shockless” high-strain-rate phenomena (e.g., quasi-isentropic compression waves).  

Constitutive models for the dynamic strength of metals have been constructed specifically for the shock 
loading regime. For example, Steinberg et al. [9] proposed a model wherein the yield strength is essentially 
framed as a first-order Taylor expansion in pressure about the ambient state. Clifton [10] investigated 
constitutive equations elastic visco plastic transient shock wave. Molinari and Ravichandran developed 
analytical method of Clifton for steady plastic shock waves [11]. Physically-based model is developed to 
address slip in polycrystalline metals and alloys subjected to shock loadings by [12]. 

 The present work is an attempt to develop a unified physically based constitutive model for fcc metals 
under steady plastic shock waves. This formulation is derived by incorporating the viscous drag effects and 
by relating the entropy generation to the glide and accumulation of dislocations. Such relationship is based 
on the theory of irreversible thermodynamics which is widely employed in chemical and mechanical 
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engineering and used recently by Huang and co-workers [13]. The fcc metal is 6061-T6 aluminum and the 
effect of temperature and grain size is neglected. 

2. Theory 

2.1. Kinematics 
For uniaxial deformation and motion, the propagation of plane longitudinal waves, can be expressed in 

the especially simple lagrangian form: 
 

x1=X1 + U(X,t),    x2=X2,         x3 = X3                                                                            (1) 
 

Which X is a Cartesian reference frame, x is current configuration and U is displacement of X from its 
reference position in the positive x direction. But in steady shock wave with the additional constraint, the 
disturbance propagates unchanged in form and at a constant velocity. This means that the displacement 

In eq. 1 can be rewritten as:   
 

U(X,t) = U(Z)  where  Z=X-Ct                                                        (2) 
 

For the special case of uniaxial strain in X1 direction, the deformation gradient has the form: 
 

ܨ                                                  = ܨܨ                   (3) 

 With: 

ࡲ    = ߣଵ 0 00 ଶߣ 00 0     ଶߣ

 

ࡲ    = ൦ߣଵ 0 00 ଶߣ 00 0     ଶ൪ߣ

 

ࡲ     = ߣଵ 0 00 1 00 0 1൩       

 

 
 
 
 
(4) 

 Where ߣଵ, ଶߣ  are elastic stretches and ߣଵ, ଶ  are plastic stretches. Using Plastic incompressibility: λଵ୮൫λଶ୮൯ଶߣ = 1  (5) 

For large deformation, the elastic strain can be neglected against plastic strain. Plastic strain can be 
written as: εଵ୮ = 1/2ሾ൫λଵ୮൯ଶ െ 1ሿ 

 
(6) εଶ୮ = 1/2ሾ൫λଶ୮൯ଶ െ 1ሿ= 1/2ሾ ଵభ౦ െ 1ሿ (7) 

2.2. Constitutive Equations 
The Lagrangian form of the equation of conservation of linear momentum is: 
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ଵ߲Xߪ߲ = െߩܿ ݐଵ߲ݒ߲  (8)

 
          vଵ is the particle velocity, c is the propagation of longidutinal shock wave velocity, ρ is the mass 
density in the reference configuration, and σଵ is the component of the Piola–Kirchhoff stress tensor in the 
wave propagation direction. Using axisymmetry, the stress tensor can be expressed in the form: 

ߪ  = ଵ݁ଵߪ ٔ ݁ଵ  ଶ݁ଶߪ ٔ ݁ଶ  ଶ݁ଷߪ ٔ ݁ଷ (9)
 
The kinematic compatibility equation has the form: ߲ݒଵ߲X = െܿ ߲λଵ୮߲ݐ  (10)

      The conservation energy law has the form of: 

        
ଵଶ vଵଶߩ  ଵߪ డகభ౦డ୲  ଶߪ2 డகమ౦డ୲ = ߬ డఊడ୲  (11)

 

The viscoplastic flow rule has the following functional form (Prantel-Russ relation): ߛ = න ሶߛ ݐ݀ = െ 32 ln ሺλଵ୮ሻ (12)

τ is the maximum shear stress, which in the current configuration is given by: τ = ଵߪ െ ଶ2ߪ  (13)

The relation between strain rate and mobile dislocation density is expressed by: 

ሶߛ = ݒߩܾ  כ݈ܾ ାdtߩ݀  (14)

כ݈ܾ       ௗఘௗ௧  is for high strain rate loading, especially shock loading. ܾ  is burgers vector, ߩ  is mobile 

dislocation , v is velocity dislocation, ݈כ displacement of dislocations and ௗఘశୢ୲  is dislocation generation.  

Now we use these parameters. It is assumed that v is a power law function of the overstress: 
 

ݒ     = ܿଵ ቀதିதభ்כ ቁெ
 (15)

     Which ܿଵ, ଵܶכ and M are constants (table 1). ߬ୟ is described in power law strain hardening[11]:   

     τୟ = τୟ ቂ1  ఊఊబ ቃଵ/୬
 (16)

    Which τୟ, ߛ  and n are constants (see table1). ߩ  is mobile dislocation and the following form is 
adopted[11]: 

ߩ       = ߩ ቂ1  ሺఈ್ఊఘబ ቃ exp(െߙ௧ߙߛሻ     (17)
,ߩ     ,௧ߙ,௧ߩ ାdtߩ݀ : are constants. In acceding to irreversible thermodynamics [13]ߙ = τߛሶ2E  

 
(18)
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   Which E=1/2Gb2 is internal energy and G is shear modulus.  described as phonon drag effect: 

τ = τୟሾ1 െ expሺെߛሶ ሶߛ/ ሻሿ (19) 

    With replacing eq. 15-18 to eq. 14, we have a relation with three unknown parameters τ, ሶߛ andߛ . Finally 
the problem of the propagation of steady plastic waves is governed by a system of nine equations [6, 7, 8, 10, 
11, 12, 13, 14 and 19], the variables being [τ, ሶߛ,ߛ ,ଵߪ , ,ଵ, εଵ୮, εଶ୮ݒ ,ଶߪ λଵ୮ሿ. 
3. Results 
Results are compared with [11]. Fig.1 shows stress vs longitudinal plastic stretch. Also other unknown 
variables can be investigated. The results have good agreement. 

 

Fig.1: Stress vs Longitudinal plastic stretch. 

Table 1: Material parameters for aluminium 6061-T6  at room temperature 25 °C and atmospheric pressure [11]. 

 

4. Reference 
[1] P. S. Follansbee and U. F. Kocks. A constitutive description of the deformation of copper based on the use of the 

mechanical threshold stress as an internal state variable. Acta Metall. 1988, 36: 81–93. 
[2] R. Kapoor and S. Nemat-Nasser. Comparison between high and low strain-rate deformation of tantalum. Metall. 

Mater. Trans. A 2000, 31: 815–823. 
[3] W. S. Lee and T. H. Chen. Rate-dependent deformation and dislocation substructure of Al–Sc alloy. Scr. Mater. 

2006, 54:1463–1468. 
[4] W. S. Lee, J. C. Shyu, and S. T. Chiou. Effect of strain rate on impact response and dislocation ubstructure of 

6061-T6 aluminum alloy. Scr. Mater. 2000, 42:51–56. 
[5] S. Nemat-Nasser, W. G. Guo, and D. P. Kihl. Thermo mechanical response of AL-6XN stainless steel over a wide 

0

2

4

6

8

10

0.9 0.95 1

Sr
es

s(
G

Pa
)

Longitudinal plastic stretch

Present Solution

93



range of strain rates and temperatures. J. Mech. Phys. Solids. 2001, 49; 1823–1846. 
[6] S. Nemat-Nasser and L. Yulong. Flow stress of F.C.C. polycrystals with application to OFHC Cu. Acta Mater. 

1998, 46: 565–577. 
[7] R. W. Armstrong, W. Arnold, and F. J. Zerilli. Dislocation mechanics of shock-induced plasticity. Metall. Mater. 

Trans. A 2007, 38: 2605–2610. 
[8] R. W. Armstrong, W. Arnold, and F. J. Zerilli. Dislocation mechanics of copper and iron in high rate deformation 

tests. J. Appl. Phys. 2009, 105: 1–7. 
[9] D. J. Steinberg, S. G. Cochran, and M. W. Guinan. A constitutive model for metals applicable at high-strain rate. J. 

Appl. Phys. 1980, 51: 1498–1504. 
[10] R. J. Clifton. On the analysis of elastic/visco-plastic waves of finite uniaxial strain. In: J. J. Burke and V. Weiss 

(Eds.). Shock Waves and the Mechanical Properties of Solids. Syracuse University Press, Syracuse, NY. 1970, 73–
116. 

[11] A. Molinari and G. Ravichandran. Fundamental structure of steady plastic shock waves in metals. J. Appl. Phys. 
2004, 95:1718–1732. 

[12] R. A. Austin and D. L. McDowell. A dislocation-based constitutive model for viscoplastic deformation of FCC 
metals at very high strain rates. International Journal of Plasticity. Article in Press, 2010, 

[13] M. Huang, E. J. Rivera-Diaz-del-Castillo Pedro, O. Bouaziz, S. V. D. Zwaag. A constitutive model for high strain 
rate deformation in FCC metals based on irreversible thermodynamics. Mechanics of Materials. 2009, 41: 982–
988. 

 

94


